We investigate the properties of PbTe doped with a small concentration x of Tl impurities acting as acceptors and described by Anderson impurities with negative onsite correlation energy. We use the numerical renormalization group method to show that the resulting charge Kondo effect naturally accounts for the unusual low temperature and doping dependence of normal state properties, including the self-compensation effect in the carrier density and the nonmagnetic Kondo anomaly in the resistivity. These are found to be in good qualitative agreement with experiment. Our results for the Tl s-electron spectral function provide a new interpretation of point contact data. Upon doping with Tl impurities [1, 2] a number of striking anomalies appear in the low temperature properties. These anomalies, described below, are currently not well understood. They are believed to be due to the special nature of Tl impurities in PbTe, which have been proposed to act as negative U centers, where U < 0 is an attractive onsite Coulomb energy. In compounds, the outer 6 s shell of Tl can be empty, singly occupied or doubly occupied. A negative Coulomb correlation results in the nonmagnetic empty and doubly occupied states being lower in energy than the magnetic singly occupied state. Hybridization of the s-states with the valence band states of PbTe can then result, via dynamic valence fluctuations, in a (nonmagnetic) charge Kondo (CK) analogue [3, 4] of the conventional spin Kondo effect [5] . This nonmagnetic CK effect has been argued to explain many of the observed properties of Pb 1−x Tl x Te [6-10] which would then constitute the first physical realization of this effect.
We investigate the properties of PbTe doped with a small concentration x of Tl impurities acting as acceptors and described by Anderson impurities with negative onsite correlation energy. We use the numerical renormalization group method to show that the resulting charge Kondo effect naturally accounts for the unusual low temperature and doping dependence of normal state properties, including the self-compensation effect in the carrier density and the nonmagnetic Kondo anomaly in the resistivity. These are found to be in good qualitative agreement with experiment. Our results for the Tl s-electron spectral function provide a new interpretation of point contact data. Introduction.-PbTe is a narrow gap semiconductor with a band gap of 190 meV at zero temperature [1] . Upon doping with Tl impurities [1, 2] a number of striking anomalies appear in the low temperature properties. These anomalies, described below, are currently not well understood. They are believed to be due to the special nature of Tl impurities in PbTe, which have been proposed to act as negative U centers, where U < 0 is an attractive onsite Coulomb energy. In compounds, the outer 6 s shell of Tl can be empty, singly occupied or doubly occupied. A negative Coulomb correlation results in the nonmagnetic empty and doubly occupied states being lower in energy than the magnetic singly occupied state. Hybridization of the s-states with the valence band states of PbTe can then result, via dynamic valence fluctuations, in a (nonmagnetic) charge Kondo (CK) analogue [3, 4] of the conventional spin Kondo effect [5] . This nonmagnetic CK effect has been argued to explain many of the observed properties of Pb 1−x Tl x Te [6] [7] [8] [9] [10] which would then constitute the first physical realization of this effect.
A remarkable feature of Pb 1−x Tl x Te is that the low temperature properties depend sensitively on the Tl concentration, with a qualitatively different behavior below and above a critical concentration x c ≃ 0.3 % Tl. For example, while Pb 1−x Tl x Te remains metalliclike down to the lowest temperatures for x < x c , for x > x c it becomes superconducting with a transition temperature T c (x) increasing linearly with x and reaching 1.5 K at x = 1.5 % Tl [6, 11] . This is surprisingly high given the low carrier density of less than 10 20 holes/cm 3 . In addition, measurements of the Hall number p H = 1/R H e [8, 12] indicate that the number of holes grows linearly with x for x < x c , whereas for x > x c the number of holes remains almost constant: the system exhibits "selfcompensation" and the chemical potential is pinned to a value µ = µ * ≃ 220 meV [12, 13] . Transport measurements also show anomalous behavior at low temperatures: while for x < x c , the residual resistivity, ρ 0 , is very small and almost constant as a function of x, for x > x c , ρ 0 increases linearly with x [9] . For x < x c , the resistivity, ρ(T ), exhibits a positive slope at low temperature, while for x > x c , the slope is negative and a Kondo-like contribution, ρ imp (T ), is observed for T 10K [6, 9] . The origin of this anomaly is not due to magnetic impurities, since the susceptibility is diamagnetic [6] .
In this Letter, we show that the unusual concentration and low temperature dependence of a number of normal state properties of Pb 1−x Tl x Te can be naturally explained within a picture of dilute Tl impurities acting as negative U centers in the PbTe host. Such a dilute impurity description is suggested by the observed concentration dependence of many properties, as summarized above, e.g., the linear dependence on x of the residual resistivity for x > x c . We model the Tl impurities by the negative U Anderson model [14] and solve this for the static and dynamic properties by using the numerical renormalization group (NRG) method [15] . Our results, with comparisons to experimental data, and previous experimental and theoretical work on Pb 1−x Tl x Te [6, 7, 16] , provide strong evidence that the CK effect [3] is realized in this system.
The idea that doping PbTe with Tl induces resonant states in the valence band of PbTe was conjectured early on (see Ref. 1). These states are mainly of Tl s-character and lie close to the top of the valence band, as recently shown by density functional theory calculations [17] . Resonant states alone, however, and generalizations of this to an impurity band of resonant states, cannot explain properties such as the superconductivity of Pb 1−x Tl x Te. For this, a coupling of Tl ions to the lattice [18] , or a static mixed valence model [19] [22] at high temperature (T > 300K), where the charge Kondo effect is suppressed. It fails, however, to describe the low temperature anomalies that we are addressing in this Letter, e.g. the Kondo upturn in the resistivity at T < 10K for x > x c .
Model and calculations.-We consider n Tl impurities in a PbTe crystal with N Pb sites described by the σ n isσ , the average number of p and s electrons per site. We denote by x = n/N the concentration of Tl impurities. Since Tl acts as an acceptor, the ground state corresponds to the Tl 1+ (n s = 2) configuration and the Tl 3+ (n s = 0) configuration is split-off from the ground state by the energy
A concentration x of Tl impurities accommodates x(n s − 1) electrons (per Tl site), where the number of accepted electrons in the 6s level of Tl is measured relative to the neutral Tl 2+ (s 1 ) configuration having n s = 1. These electrons are removed from the valence band leaving behind n 0 = 1 − n e holes. Thus, charge neutrality implies n 0 = x(n s − 1) [7] , which for a given x and temperature T has to be satisfied by adjusting the chemical potential µ e . Here, we neglect interimpurity interactions and solve H for a collection of single independent negative-U centers by using the NRG [15] . For each x and each T we satisfy the above equation by self-consistently determining the chemical potential µ e (or equivalently the hole chemical potential µ, which we henceforth use).
The electrical resistivity of electrons scattering from a dilute concentration x of Tl impurities is obtained from the usual expression, ρ imp (T ) = 1/e 2 L 11 , where L 11 is the static limit of the current-current correlation function. In the absence of nonresonant scattering the vertex corrections vanish and the relevant transport integral L 11 can be written as [23] ,
where [12, 13] . Other parameters, such as ∆ 0 = ∆(µ * ), required to fix the hybridization function ∆(ω), and U are largely unknown. Our interpretation of the tunneling spectra (see discussion of Fig. 2 below) , suggests U ≈ −30 meV. The measured Kondo-like resistivity for x ≥ x c at low temperatures requires that |U | ≫ ∆ 0 . We take U/∆ 0 = −11 with ∆ 0 = 2.7 meV to yield a Kondo temperature T K ≈ 1.23 K below the highest T c ≈ 1.5 K at x = 1.5 % ≫ x c , where T K is defined via the impurity resistivity ρ imp (T = T K ) = 0.5ρ imp (T = 0) for x ≫ x c . The overall qualitative aspects of our results remained the same for values of U in the range 10 meV ≤ |U | ≤ 220 meV and |U |/∆ 0 ≫ 1.
Qualitative considerations.-It is instructive to first make some qualitative remarks, starting from the atomic limit V 0 = 0 [7] . For x = 0 the chemical potential lies in the gap between the valence and conduction bands. For finite but very small x each Tl impurity accepts one electron, i.e. n s ≈ 2 and n 0 = x(n s − 1) ≈ x grows linearly with x. At the same time, the chemical potential shifts downwards into the valence band µ < E v , where E v denotes the top of the valence band. This implies that the splitting δ(µ) = −(2(ǫ 0 − µ) + U ) between donor and acceptor configurations decreases. Eventually, at a critical concentration x = x * , the chemical potential reaches µ = µ * = ε 0 + U/2 where δ(µ) = 2(µ − µ * ) = 0 and the system is in a (static) mixed valence state where the Tl 1+ and Tl 3+ configurations are degenerate. In this situation n s = 1, and further doping cannot increase the hole carrier density beyond the value n 0 (µ * ), i.e. one has self-compensation with a pinning of the chemical potential to µ * [7] . For finite V 0 , quantum fluctuations between the degenerate states Tl 1+ and Tl 3+ at µ = µ * become important and lead to a CK effect. This significantly affects all static and dynamic properties and needs to be taken into account in describing the experiments. It is also important for µ > µ * , since a finite charge splitting δ(µ) > 0 in the negative-U Anderson model is similar to a Zeeman splitting in the conventional spin Kondo effect [25] . The latter is known to drastically influence all properties [5] . Thus, for the whole range of concentrations x, one expects fluctuations to play an important role in the properties of Pb 1−x Tl x Te.
Numerical results.- Figure 1 shows n 0 (x) versus x at T = 1.8 K and at T = 77 K and a comparison with experimental data on Hall number measurements [8, 12] . At low dopings, n 0 is linear in x both in theory and in experiment, as expected for Tl impurities acting as acceptors (dot-dashed curve in Fig. 1) . However, the efficiency, n 0 (x)/n Tl (x), of Tl dopants in supplying holes at low x is only around 65 % in the data of Ref. 12 as opposed to 100 % in our model calculations and in the data of Ref. 8 . At higher dopings n 0 (x) saturates rapidly with increasing x for T = 1.8 K and more slowly at higher temperatures. The theoretical crossover from linear to saturated behavior occurs at x = x * ≈ 0.5 %, larger than the value x c ≈ 0.3 % for the onset of superconductivity. The theoretical saturation density n 0 ≈ 0.7 × 10 20 /cm 3 is close to the experimental value [12] . The self-compensation effect for x ≫ x * ≈ 0.5 % is a characteristic signature of the CK state: on entering this state the Tl ions fluc- tuate between Tl 1+ and Tl 3+ so the average valence is Tl 2+ , which corresponds to no additional electrons being accepted or donated. The CK state may be destroyed by lifting the degeneracy of the pseudospin states, i.e. in the language of the spin Kondo effect, by applying a "magnetic field". A "magnetic field" in the CK effect corresponds to doping or shifting µ. This has been achieved by counterdoping with In ions [10] , which act as donors. The Kondo anomalies, e.g. in the resistivity, were observed to vanish, providing further support to the CK picture. The self-compensation effect can be seen also in the pinning of the hole chemical potential µ for x > x * , shown in Fig. 1a . For x < x * , µ grows nonlinearly with x and rapidly approaches the value µ * = 225 meV for x > x * , both at T = 1.8 K and at T = 77 K. Figure 2 shows the Tl s-electron spectral function A(E, T = 0) at zero temperature and different dopings x. For small doping, x < x * , the hole chemical potential µ lies above µ * within the shallow part of the valence band density of states N (E) (see Fig. 2b ), consequently the splitting δ(µ) = 2(µ − µ * ), see Fig. 1a , is large. Such a large splitting acts like a large Zeeman splitting in the conventional positive U Anderson model and polarizes the spectral function so that its weight lies mostly below the Fermi level E F [4] . For x ≥ x * , µ approaches µ * and a CK effect develops. The spectral function develops a sharp asymmetric Kondo resonance close to, but below E F (see Fig. 2a ) and an upper Hubbard satellite peak appears above E F . Early tunneling experiments for low dopings x < 0.3 % showed only one resonant level below E F [13] , whereas more recent tunneling experiments for x > 0.6 % show two "quasilocal" peaks [12] , a narrow one of width 6 meV close to E F and a broader one of width 12 meV at a nearly constant energy 13-15 meV below this. Interpreting these as the Kondo resonance and the lower Hubbard satellite peaks in Fig. 2 yields |U |/2 ≈ 15 meV and hence the value U ≈ −30 meV used in our calculations. Since the CK resonance is temperature dependent [4] , the above interpretation could be tested with temperature dependent studies of tunneling or high resolution photoemission spectra.
The temperature and doping dependence of the impurity resistivity, ρ imp , is shown in Fig. 3 . For x < x * , Tl impurities act as acceptors with a well-defined valence state (Tl 1+ ). They therefore act as weak potential scatterers and consequently the resistivity is much below the unitary value, as seen in Fig. 3 . For x > x * , dynamic fluctuations between the nearly degenerate Tl 1+ and Tl
3+
states leads to the CK effect and ρ imp approaches the resistivity for unitary scatterers at T = 0. For x > x * , ρ imp is well described by the spin Kondo resistivity [23] (open squares, Fig. 3 ) with a logarithmic form around
is an effective Kondo scale, and T 2 Fermi liquid corrections at low T ≪ T ef f K , in qualitative agreement with experiment [6] . The effective Kondo scale T ef f K is a function of the charge splitting δ(µ) and T K , and approaches the true Kondo scale T K only asymptotically for x ≫ x * (see legend to Fig. 3) . Finally, Fig. 3a shows that the impurity residual resistivity is significant only when the CK effect is operative, i.e. for x > x * , in qualitative agreement with experiment [6, 9] .
Conclusions.-In summary, we investigated the normal state properties of Pb 1−x Tl x Te within a model of Tl impurities acting as negative U centers. Our NRG calculations support the suggestion that the CK effect is realized in Pb 1−x Tl x Te [6, 7] . They explain a number of low temperature anomalies of Pb 1−x Tl x Te, including the qualitatively different behavior below and above the critical concentration x * , where x * ≈ 0.5 % is close to x c ≈ 0.3 % for the onset of superconductivity. At x = x * , two nonmagnetic valence states of Tl become almost degenerate and the ensuing pseudospin CK effect results in a Kondo anomaly in the resistivity for x > x * and a residual resistivity approximately linear in x. Our results for these quantities and the carrier density n 0 (x) are in good qualitative agreement with experiments [6, 8, 9, 12] . For the Tl s-electron spectral function, we predict that one peak should be present far below E F for x < x * and that a second temperature dependent Kondo resonance peak develops close to, but below E F , on increasing x above x * . This provides a new interpretation of measured tunneling spectra [12] , which could be tested by temperature dependent studies of tunneling or photoemission spectra. In the future, it would be interesting to extend this work to include the effects of disorder within an AndersonHubbard model description.
